Eliashberg theory is used to investigate the range of thermodynamic properties possible within a two-band model for s-wave superconductivity and to identify signatures of its two-band nature. We emphasize dimensionless BCS ratios ͓those for the energy gaps, the specific heat jump, and the negative of its slope near T c , the thermodynamic critical field H c ͑0͒, and the normalized slopes of the critical field and the penetration depth near T c ͔, which are no longer universal even in weak coupling. We also give results for temperature-dependent quantities, such as the penetration depth and the energy gap. Results are presented both for microscopic parameters appropriate to MgB 2 and for variations away from these. Strong coupling corrections are identified and found to be significant. Analytic formulas are provided that show the role played by the anisotropy in coupling in some special limits. Particular emphasis is placed on small interband coupling and on the opposite limit of no diagonal coupling. The effect of impurity scattering is considered, particularly for the interband case.
I. INTRODUCTION
The properties of the superconducting state of conventional, single-band, electron-phonon superconductors differ markedly from BCS predictions. 1 However, they are welldescribed within isotropic Eliashberg theory with a single electron-phonon spectral density ␣ 2 F͑͒ for the average interaction over the Fermi surface. This function is accurately known from inversion of tunneling data. 2 In many cases, ␣ 2 F͑͒ has also been calculated from first-principle electronic band structure calculations extended to include the electron-phonon interaction, sometimes with the phonons taken directly from inelastic neutron scattering measurements. In many cases, such results agree very well with the corresponding tunneling data. While it is to be noted that, in principle, the electron-phonon spectral density for the various electrons on the Fermi surface is anisotropic leading to energy gap anisotropy, [3] [4] [5] [6] this feature often does not play a prominent role because, in many instances, the electronic mean free path is much smaller than the coherence length. In such circumstances, a Fermi surface average of the electronphonon spectral density can be used. Nevertheless, corrections due to gap anisotropy have been identified and studied in the past, 7 often, but not always, in a separable anisotropic model. 8 The history of two-band superconductivity [9] [10] [11] [12] and of MgB 2 ͓with T c Ӎ 39 K ͑Ref. 13͔͒ in particular [14] [15] [16] [17] [18] [19] [20] [21] [22] is somewhat different. To our knowledge, as yet, there exists no inversion 23 of tunneling data from which the electronphonon interaction is determined. In fact, it has been noted 24 that this may well never be possible in MgB 2 because of its two-band nature, which requires a microscopic description in terms of four separate electron-phonon spectral functions ␣ ij 2 F͑͒, where i = , ͑or 1,2͒, with the two-dimensional band having the largest electron-phonon coupling. The threedimensional band on its own would have a smaller value of T c , the critical temperature, although it has a higher value of the electron density of states at the Fermi energy.
In the absence of tunneling data giving reliable information on the fundamental kernels entering the two-band Eliashberg equations, first-principle band structure calculations of ␣ ij 2 F͑͒ in MgB 2 have been used to compute superconducting properties ͑for example, Refs. 16-19͒ . To do this, it is also necessary to know the Coulomb pseudopotential repulsions ij * , which are different for various indices ͑i , j͒, but these have also been calculated. Good agreement with experiment is obtained in this way for the properties considered so far, more explicitly, the specific heat, 16, 25 the penetration depth, 17, 26 and the anisotropy in the two gaps, as well as their temperature dependence. For the penetration depth, impurity scattering can be important, and in-and out-of-plane orientations of the magnetic field are different. 17 In this paper, we use the band theory information on ␣ ij 2 F͑͒ and ij * in MgB 2 to calculate the critical temperature, the energy gap with its anisotropy and temperature dependence, and other thermodynamic properties, as well as the penetration depth, giving particular emphasis to strong coupling corrections. Further to our discussion of MgB 2 , we provide a full listing of calculated dimensionless BCS ratios, now modified by both the anisotropy and the strong coupling effects in MgB 2 , and make comparison with experiment. We also consider effects of variations in microscopic parameters away from those of MgB 2 , as well as impurity scatteringintraband and interband. To this end, we reduce the two-band Eliashberg equations, which fully account for retardation, in the two-square-well approximation ͑also called the model͒. This leads to simple renormalized BCS ͑RBCS͒ forms, which, when compared to our full numerical Eliashberg results, allow us to identify the strong coupling corrections that we find to be significant even for MgB 2 .
When considering variations in microscopic parameters away from those of MgB 2 , we place particular emphasis on two limiting cases: the limit of small interband coupling and the opposite case, when the intraband coupling is zero and the superconductivity is due to the interband coupling alone, a case discussed in the early work of Shul et al. 9 We also consider the special case when the intraband coupling in the second band is repulsive. The limit of small interband coupling is particularly interesting because it allows us to understand how the off-diagonal terms lead to the integration of otherwise two completely independent and noncommunicating superconducting bands with separate transition temperatures T ci . In this regard, we find that ␣ 12 2 F͑͒ and ␣ 21 2 F͑͒ behave very differently, with 21 the most effective variable at integrating the two systems and 12 the most effective at changing the critical temperature. The presence of the offdiagonal interactions rapidly smear out the features of the second transition at T c2 , i.e., the one with the smaller of the two T ci values. More specifically, surprisingly small values of the mass renormalization parameter 21 , as compared with 11 and 22 , have a large effect on the region of T c2 . We also find that relatively modest values of the interband impurity scattering rates lead to the significant integration of the two bands. Even when the bands are well-integrated, in the sense that little trace of a second sharp transition at T c2 remains, there still exist important modifications of the usual oneband BCS results because of the two distinct bands. As an example, the BCS dimensionless universal ratios now depend on the ratio of the electronic density of states at the Fermi energy of the two bands. Simple analytic expressions for these ratios are derived, which provide insight into the physics underlying two-band superconductivity and guidance as to how these results are to be interpreted.
In Sec. II, we give the two-band Eliashberg equations and provide their reduction in the approximation, which is needed to identify strong coupling corrections to renormalized two-band BCS ͑RBCS͒. Section III deals with the dependence of T c on microscopic parameters, i.e., on the electron-phonon interaction as well as on impurities. Intraand interband quantities are both of interest. We consider modifications of the dimensionless BCS ratios in the model, as well as the zero-temperature value of the two gaps and their anisotropy. MgB 2 is considered in Sec. IV. The issue of strong coupling corrections in MgB 2 , and more generally in other related systems, is discussed. The limit of small interband electron-phonon coupling is considered in Sec. V. We study, in particular, how the two otherwise separate bands become integrated when this interaction is switched on. The effect of interband impurity scattering is also considered in the same context as it exhibits analogous behavior to the case of the off-diagonal electron-phonon coupling. In Sec. VI, we deal briefly with the less realistic case of zero intraband electron-phonon coupling, where the superconductivity is due only to the interband piece. Conclusions are found in Sec. VII.
Finally, in light of the recent developments in other areas of superconductivity and correlated electrons, we wish to emphasize that our use of the term "gap anisotropy" here is in reference to the difference in the magnitudes of the two gaps, each of which are isotropic s wave in this work, and hence does not refer to a momentum-dependent order parameter. Likewise, "strong coupling" refers to the traditional meaning of strong electron-phonon coupling and is not an allusion to strong interband coupling.
II. THEORY
The isotropic ͑within a band͒ Eliashberg equations generalized to two bands ͑i =1,2͒ are written on the imaginary axis as 12,1,3,4
and
where t ij + =1/͑2 ij + ͒ and t ij − =1/͑2 ij − ͒ are the ordinary and paramagnetic impurity scattering rates, respectively, and
gives the gap ⌬ i ͑i n ͒ and Eq. ͑2͒ the renormalization Z i ͑i n ͒ at the nth Matsubara frequency i n , with n = ͑2n −1͒T. Here, T is temperature and n =0, ±1, ±2,.... The electron-phonon kernels are ␣ ij 2 F͑⍀͒ as a function of phonon energy ⍀ and the Coulomb repulsions are ij * , with a high energy cutoff c needed for convergence and usually taken to be about six to ten times the maximum phonon frequency. For the specific case of MgB 2 , these may be found in Ref. 19 . The diagonal intraband elements of the electron-phonon interaction are largest, in the case of MgB 2 , while the off-diagonal elements describing interband scattering are smaller, but still substantial.
In what is called the two-square-well approximation or model, 11, 27, 28 we use in Eq. ͑1͒:
where
Neglecting the gap in the denominator on the right-hand side of Eq. ͑2͒ for Z, we further approximate ͑see Ref. 28 for details͒
This result may now be used in Eq. ͑1͒ to obtain
where o represents either the Debye frequency or some other characteristic energy scale representing the phonons in the system, at most the maximum phonon energy. Detailed justification of using a single cutoff is found in Ref. 11 . These results are used to derive various quantities within the model, which we will call renormalized BCS or RBCS. We also solve the full Eliashberg equations for typical strong coupling parameters and for the case of MgB 2 , and in order to connect to the language most appropriate for this purpose, the measure of the characteristic boson frequency, ln , is defined to be
This is reasonable for our case here as the ln calculated for the different ␣ ij 2 F͑͒ spectra of MgB 2 are almost the same and other spectra used in this paper will have the same frequency distribution in each channel only scaled in magnitude. In general, this definition should be reasonably robust as, unless 22 , 12 , and 21 are large, the first channel 11 should dominate the strong coupling effects.
III. BCS RATIOS: THE MODEL AND STRONG COUPLING

A. Critical temperature T c
The critical temperature that results from the renormalized BCS equation ͑8͒ of the two-square-well approximation takes the form Here we will be interested only in the ratio of T c ͓ Eq. ͑11͔͒ to T c 00 ͓Eq. ͑14͔͒ and so the cutoff o cancels, and the issue of the best choice for this quantity does not enter ͑see Allen and Dynes 27 ͒. Results for T c / T c 00 based on Eqs. ͑11͒-͑14͒ as a function of 21 for various values of 12 are shown in Fig.  1 , where they are compared with results of complete numerical evaluation of the two-band Eliashberg equations ͑1͒ and ͑2͒. A Lorentzian model for the spectral densities ␣ ij 2 F͑͒ is used with zero Coulomb pseudopotential ij * for simplicity. Specifically, we use a truncated Lorentzian spectral density, which is defined in Ref. 29 , centered around 50 meV with width 5 meV, truncated by 50 meV to either side of the central point. The ln for this spectrum is 44.6 meV. This spectral density is scaled in each of the four channels to give 11 =1, 22 = 0.5, and the range of values of 12 and 21 as required for the figure. The curves, which are labeled in the figure caption, are for the renormalized BCS calculations and the corresponding Eliashberg calculations are presented as points. We note that for small values of 21 agreement between the results and full Eliashberg calculation is excellent. The agreement is somewhat less good around 21 = 0.5 but still acceptable. An interesting point to note about this figure is that the effect on T c of 21 and 12 are quite different. As 21 increases for fixed 12 , T c increases. On the other hand, for small but fixed 21 , increasing 12 decreases T c , while the opposite behavior is found to hold for values of 21 larger than approximately 0.16. This behavior is different from that expected in nonrenormalized BCS theory, where it is known that increasing the off-diagonal coupling from zero to some finite value always increases T c whatever its sign. Expanding Eq. ͑12͒ under the assumption that the offdiagonal elements are small as compared with the diagonal ones ͑ 12 , 21 12 + represents scattering from band 1 to band 2 and leads to pair breaking much like paramagnetic impurities in the one-band case. We can see this analytically in the simple case of 12 = 21 = 0 for which the two bands are decoupled and the critical temperature is a property of the first band alone. In this case, Eqs. ͑16͒-͑18͒ reduce to 33 ⌬T c
for both normal or paramagnetic impurities in the linear approximation for the impurity scattering rate. The initial linear decrease in T c with increasing 12 + is seen in the lower set of three curves of Fig. 2 . As t 12 + is increased further, higherorder corrections start to be important and the curves show saturation to a value that is larger the greater the value of 22 . Also note that formula ͑19͒ shows that T c is independent of 21 ± . This expectation is confirmed in the upper set of three curves of Fig. 2 , where T c has increased by no more than 3% for t 21 + / T c0 = 1. and Eliashberg results because of strong coupling corrections. As previously stated, interband impurity scattering in two-band superconductivity works like paramagnetic impurities in the ordinary one-band case. For this latter case, Schachinger, Daams, and Carbotte 35 have found for the specific case of Pb, the classic strong coupling material, that the model overestimates the initial slope of the drop in T c value, with increasing impurity scattering. The physics is simple. For strong coupling, 2⌬ / k B T c is larger than its BCS value i.e., the gap is bigger than expected on the basis of its T c . This is because as T is increased, that part of the inelastic scattering which corresponds to the real ͑as opposed to virtual͒ processes, which are pair breaking, increases and T c is reduced below the value it would be without. As a result, the initial drop in the T c value with increasing impurity content is not as large in strong as in weak coupling because the system has a larger gap that is more robust against impurities. The same applies to interband scattering in a two-band superconductor. The initial slope of the drop is faster in the model than in the Eliashberg calculation, as most recently shown by Mitrović, 34 who has commented on prior work by Golubov and Mazin, 33 where only unrenormalized BCS results were given and the drop in T c was even faster. Mitrović also presents functional derivatives for ordinary impurities 34 and his findings compliment our calculations here. In addition, as low-frequency phonons act like ordinary impurities, the previous work by Mitrović on functional derivatives 32 for the electron-phonon spectral functions also confirms our impurity results by comparison with the behavior of the lowfrequency part of the functional derivatives for 12 versus 21.
Finally, it has been of some interest among experimentalists, looking at novel superconductors, to know the outcome of having a repulsive interaction in the second band ͑i.e., 22 Ͻ 0͒. As will be seen in the next section, a second energy gap is still induced in this case due to the interband coupling; however, a signature of this repulsive band would exist in the case of impurity scattering, as strong interband scattering of sufficient strength could drive the T c to zero. 30 
B. Energy gaps and gap ratios
We turn next to the consideration of the energy gaps. The transcendental equation for u ϵ ⌬ 2 / ⌬ 1 at T = 0 in the model is 12 u − 21
from which the gap ratio for the larger gap ⌬ 1 may be found:
The solution for the gap ratio 2⌬ 1 / k B T c can be corrected for strong coupling effects by multiplying by a factor ⌬ in the denominator of the logarithm of Eq. ͑21͒ with 36
ͪ.
͑22͒
As long as 11 is large and 22 , 12 , and 21 are small, one needs only to correct the first channel for strong coupling effects. Otherwise additional corrections for the other channels may exist but there would be no merit in such a complexity of including these corrections over doing the full numerical calculations with the Eliashberg equations. It is expected that in real systems, 11 is large relative to the other parameters and hence dominates the strong coupling aspect of the result. However, when the off-diagonal couplings are significant, the strong coupling corrections of the first channel can affect the second. Our first set of results for the two energy gaps is given in 12 , in one case ͑solid curve͒, the lower gap decreases slightly. More importantly, the value of the upper gap ratio increases above its BCS ratio 3.53 and can reach 4.6 in renormalized BCS, a feature that comes from the two-band nature of the system. Comparing the dotted curves to the solid circles for ⌬ 1 , we note that the Eliashberg results are always above their counterpart, reflecting well-known strong coupling corrections to the gap. This applies as well to ⌬ 2 , the lower gap. We now comment specifically on the other curves. To increase the anisotropy between ⌬ 1 and ⌬ 2 for the parameter set considered here, we need to decrease the value of 22 . Note, however, that even when we assume a repulsion in the second band, equal in size to the attraction 11 = 1 in the first band ͑long-dashed curve͒, a substantial gap is nevertheless induced in the second channel even for 12 = 0. It is the finite value of 21 that produces this gap. Recall that 21 describes the effect of band 1 on band 2 due to interband electron-phonon coupling. Turning on, as well, some 12 increases the second gap further but not by much. Finally, we mention that as 21 increases ͑not shown here͒, ⌬ 1 decreases while ⌬ 2 increases, i.e., the ratio of ⌬ 2 / ⌬ 1 goes up towards one and the anisotropy is reduced.
In Fig. 3 , the ratio 12 / 21 = N 2 / N 1 is varying, while in Fig. 4 , we keep 12 = 21 and illustrate more clearly the effect of strong coupling Eliashberg results in comparison with the RBCS calculation, and also provide a comparison with the RBCS calculation corrected with the strong coupling formula of Eq. ͑22͒ . One finds that the gap in the Eliashberg result is quite enhanced over the RBCS result, even exhibiting a different qualitative behavior with the Eliashberg gap ͑solid curve͒, increasing with increasing off-diagonal while the RBCS counterpart ͑dashed curve͒ is decreasing. However, when the strong coupling correction formula is applied to the RBCS result, the resulting curve ͑dot-dashed͒ is now in reasonable agreement with the Eliashberg calculation and follows the evolution with increasing off-diagonal very well.
It is of interest to experimentalists, 37 looking at novel materials suspected of harboring multiband superconductivity, whether there may be a range of parameters that could produce a very large upper gap ratio with a large anisotropy in magnitude between the upper and lower gaps. It is possible that it could occur in a regime where 12 / 21 ӷ 1, as suggested by the trend in our Fig. 3 , while in the opposite regime we will show that all results return to standard weak coupling BCS values. As previously mentioned, this ratio of 12 / 21 is equivalent to the ratio of density of states in the two bands, sometimes denoted as ␣ in the literature, i.e., ␣ ϵ 12 / 21 = N 2 / N 1 . We have gone to ␣ = 20 within the renormalized BCS formalism and were not able to produce gap ratios bigger than about 5 or so, for the parameters examined, and at the same time, the lower gap ratio was about 3. We conclude, therefore, that even with added strong coupling effects, very large gap ratios tending towards 10 to 20 are difficult to obtain in conjunction with a large anisotropy in the two gaps. Repulsive potentials in the second band can give a large anisotropy, but they also lower the value of the upper gap ratio. Later in Sec. VI, we will return to this issue of trying to obtain large gap ratios and large gap anisotropy, when we examine another extreme limit first considered by Suhl et al. 9 To conclude this section, we examine an approximate formula for the gap ratio in two-band superconductivity, which has been given and used by experimentalists, 38 to determine its range of validity in the face of more exact calculations. The formula is an unrenormalized BCS formula and we have already seen that renormalization and strong coupling effects can be substantial. For 22 , 12 , 21 Ӷ 11 , we can derive the primary ͑or large͒ gap ratio as
which is the same equation as given by Iavarone et al., 38 where their use of the indices 1 and 2 are reversed with respect to ours. In our formula ͑23͒ given here, the u and 's are coupled through Eq. ͑20͒ , but in the case of Ref. 38 the ratio of the density of states and the ratio of the gaps are treated as independent parameters with the only constraint being that u Ӷ 1.
In Fig. 5 , we compare this approximate BCS formula with that of our exact renormalized BCS formula for typical ij values used in the literature. The ij * are set to zero as there is no such feature in the Iavarone et al. formula and the * 's in that case would simply serve to change the effective value of 's. We find that the approximate formula ͑dashed curve of Fig. 5͒ compares well with the renormalized BCS result in the limit of small 12, 21, 22 , as required by the constraint of the approximation, and breaks down for 12 Ͼ 0.5, where the ap- proximate formula tends to overestimate quite significantly the value of the two gaps. Strong coupling effects would produce very significant deviations in addition. Not shown is the case where 12, 21, 22 were all taken to be very small and then in that case, as expected, there was excellent agreement between the exact renormalized BCS calculation and the approximate form. The fact that Iavarone et al. 38 obtained excellent estimates of the two energy gaps for MgB 2 is maybe fortuitous in some sense, because it will be seen in the next section, where we discuss MgB 2 in detail, that the renormalized BCS formula underestimates the correct gap values of MgB 2 and strong coupling corrections of about 7 -10 % are needed to obtain good agreement between the data and full Eliashberg calculations. We conclude that their simple formula is helpful, but that it should be used with caution when considering systems where the parameters are no longer small as then this formula will fail.
C. Specific heat jump
The specific heat is calculated from the free energy. The difference in free energy ⌬F = F S − F N between the superconducting state and the normal state is given by
where S and N refer to the superconducting and normal state, respectively, and i indexes the number of bands. From this, the difference in the specific heat is obtained,
and the negative of the slope of the difference in specific heat near T c is given as
where ␥ is the Sommerfeld constant for the two-band case.
In the model, the gap near T c , for t = T / T c , can be written as
where ͑3͒Ӎ1.202. Here, 
͑32͒
We find with this expression that anisotropy ͑i.e., 11 22 ͒ reduces the jump ratio but increasing 12 The physics of this formula is that, in this limit, the specific heat jump at T c itself is determined only by the superconductivity of the dominant band, but it is normalized with the normal state specific heat ␥ belonging to the sum of both bands. This has the effect of making ⌬C͑T c ͒ / ␥T c always less than the BCS value by a factor of 1 / ͑1+␣ * ͒, where ␣ տ 1, which means that in this case the normalized jump is reduced to about half its BCS value. If we had included in Eq. ͑33͒ the strong coupling correction C , this would have the effect of increasing the factor 1.43 to a larger value characteristic of strong coupling but the additional anisotropy parameters would still work to reduce the jump. Thus, in a two-band superconductor, the jump will be smaller than that for one band with the same strong coupling index
D. Thermodynamic critical magnetic field
The thermodynamic critical magnetic field is calculated from the free energy difference:
͑34͒
As the temperature dependence of this quantity, normalized to its zero-temperature value, follows very closely a nearly quadratic behavior, the deviation function D͑t͒ is often plotted:
where ␣ * = N 2 * / N 1 * and
The zero-temperature critical magnetic field is modified through the second term in Eq. ͑36͒ , which increases with increasing ␣ * and with the square of the anisotropy ratio u, which in this case is just the ratio of the independent gap values for the two separate bands. Further, the dimensionless ratio is
For almost decoupled bands, Eq. ͑38͒ becomes
where the second factor on the right-hand side modifies the usual single-band BCS value of 0.168 for the presence of the second band. Again, both ␣ * and u enter the correction. If there is no anisotropy, u = 1, and therefore the bands must be the same, we recover the one-band limiting value. For large anisotropy where u → 0, and if ␣ * is of order one, the ratio in Eq. ͑39͒ is of order twice its one-band value because the second band contributes very little to the zero-temperature condensation energy, but is still as equally important as the first band in its contribution to ␥T c , the normal state specific heat. Near T c
which then gives the dimensionless ratio
͑41͒
Strong coupling factors could be introduced in Eqs. ͑36͒, ͑38͒, and ͑40͒. They are not given explicitly here as they are less important than those for the specific heat jump and the slope of the penetration depth at T c ͑see The square root, which accounts for two-band effects contains a correction proportional to ␣ * u 2 . It can be understood as follows. The slope at T c found from formula ͑40͒ depends only on band 1 but H c ͑0͒ involves both and hence this correction comes solely from H c ͑0͒ as seen in Eq. ͑36͒ . If the anisotropy between the two bands is large u → 0, there is no correction factor in ͑42͒ because the second band is eliminated from H c ͑0͒. If, on the other hand, u is near 1, the two bands have nearly equal gap value but still it is only band 1 which contributes to the slope at T c and the dimensionless ratio ͑42͒ can now be larger than its BCS value.
E. Penetration depth
The London penetration depth L ͑T͒ is evaluated from 1
where in three dimensions
and v Fi is the Fermi velocity in the band labeled by the index i. This last equation would be multiplied by a factor of 3/2 in two dimensions. For the penetration depth L ͑T͒ at T =0,
͑45͒
and near T c , 
For ␣ and ␤ equal to one, we see that the normalized slope of the penetration depth is twice its one-band BCS value of 1 / 2. Should ␣, ␤, or both be much larger than 1, then the slope can be even larger, which reflects the fact that only the dominant band determines the slope y L Ј but both bands contribute to y L ͑0͒. Information on v Fi and N i ͑0͒ is contained in the slope.
IV. MgB 2 : INTEGRATED BANDS AND STRONG COUPLING
We now continue beyond renormalized BCS formulas to evaluate quantities based on the full two-band Eliashberg formalism and we begin with the specific case of MgB 2 and strong coupling effects. Equations ͑1͒ and ͑2͒ were solved From these parameters, T c was found to be 39.5 K. As discussed in our theory introduction, we used ln = 66.4 meV, calculated from the ␣ 11 2 F͑͒ spectrum, to form our strong coupling index T c / ln . The other three channels had ln Ӎ 62 meV, which is not so different, although as argued previously, the main strong coupling effects will come from the 11 channel, and hence the choice of 66.4 meV for this parameter. From the solution of the Eliashberg equations, we can evaluate Eq. ͑24͒ for the free energy difference between the superconducting and normal state, and evaluate the superfluid density or the inverse square of the penetration depth from Eq. ͑43͒ . In Fig. 6 , which has three frames ͓the top is the specific heat, middle, the penetration depth, and bottom, the critical magnetic field deviation function of formula ͑35͔͒, we compare Eliashberg results ͑solid curve͒ with experimental results ͑solid and open circles, triangles, and squares͒.
In all cases, the agreement with experiment is very good and certainly as good as obtained in conventional one-band cases. 1 In each case, we also present a second set of theoretical results ͑dashed curve͒ for which all microscopic parameters remain those of MgB 2 except that we have half the value of the off-diagonal spectral functions ␣ 12 2 F͑͒ and ␣ 21 2 F͑͒, which changes the T c only by about 1 K. It is clear that doing this reduces greatly the quality of the fit one obtains with the experimental data. This can be taken as evidence that the electronic structure, first-principle calculations of electron-phonon spectral functions are accurate. It also shows that variation of parameters by a factor of 2 or so away from the computed ones can lead to significant changes in superconducting properties, and, in this instance, features of the second transition, due to the lower gap, begin to appear. The specific heat curve was computed before in Refs. 15 and 16 and the penetration depth in Refs. 17 and 26. In these cases, our calculations ͑solid curves͒ confirm previous ones and demonstrate that our calculational procedure is working correctly. For the penetration depth we did not introduce impurity scattering. Impurities can affect the penetration depth and were included in Ref. 17 . The three sets of penetration depth data are for clean ͑solid circles 41 and triangles 42 ͒ and dirty samples ͑solid squares 43 ͒ as discussed in Ref. 17 . To our knowledge, the deviation function has not been computed and compared with experiment before. The data are from Refs. 25 ͑open circles͒ and Ref. 40 ͑solid circles͒, and again agreement with calculation, with no free parameters, is very good. The minimum in the deviation function for the Eliashberg calculation occurs at T / T c = 0.6 and has a value of −0.054. In the experimental data, the minima occur at about T / T c = 0.6 and 0.65, with values of about −0.05 and −0.045, respectively. For reference, the oneband BCS value is −0.037 and strong coupling makes this value even smaller and can even push it to a positive value; hence anisotropy is compensating for the strong coupling effects and is making this value larger and more negative. 1 In Fig. 7 , we present the temperature dependence of the two gap ratios for MgB 2 . Once again the solid curve is the full Eliashberg calculation using the parameters given for MgB 2 with no adjustments. The ratio ⌬ 1 / ⌬ 2 increases from 2.7 at T = 0 to about 3.5 at T c . The temperature-dependent behavior shown here was also found by Choi et al., 16 Brinkman et al., 18 and Golubov et al. 19 A comparison with some of the more recent experiments is given by the open and closed circles, with the data taken from Iavarone et al. 38 and Gonnelli et al., 44 respectively. Similar data are found in other references. [45] [46] [47] In the case of the data by Iavarone et al., the statement of T c was ambiguous and so we used their quoted value of the upper gap ratio of 4. 7 are presented to show that the two-band calculations do show deviation from a classic BCS temperature dependence ͑which was used in the original presentations of the data 38,44 ͒. In particular, Gonnelli et al. argued that the deviation of their lower gap data at temperatures above 25 K ͑or T / T c = 0.65, here͒ from the BCS temperature dependence is an additional signature of the two-band nature of the material. However, we find no such dramatic suppression in the two-band calculations at this temperature and only with the dashed curve, where we have taken the off-diagonal electron-phonon coupling to be half of the usual value for MgB 2 do we find an inflection point around 0.35. We were not able to induce a suppression of the lower gap in the vicinity of T c by varying the MgB 2 parameters slightly about their accepted values. However, such behavior can be found in other regimes of the parameter space not relevant to MgB 2 , and this feature and the issue raised by Gonnelli et al. will be discussed further in the next section. To end, note that an inflection point is also seen in the penetration depth at about T / T c ϳ 0.35, as described first by Golubov et al. 17 and also found here ͑solid curve of middle frame of Fig. 6͒ .
More results from our calculations as well as comparison with data are presented in Table I . In the first column, we include, for comparison, the one-band BCS values for the various dimensionless ratios. The strong coupling index is first, followed by the major gap to critical temperature ratio, the minor gap ratio, the anisotropy ⌬ 2 / ⌬ 1 , the normalized specific heat jump and the negative of its slope at T c , ␥T c 2 / H c 2 ͑0͒, and the inverse of the normalized slope at T c for the critical magnetic field and for the penetration depth. Included in the second column, also for comparison, are the same indices for Pb, the prototype single-band strong coupler. We remind the reader that in many conventional superconductors, strong coupling corrections are large and that the data cannot be understood without introducing them, and these are to be differentiated from those corrections due to anisotropy. The third column gives the results of our twoband calculations for MgB 2 . This is followed by a column giving experimental values. It is clear that the agreement between theory and experiment is good. Note that we have not attempted to make a complete survey of all experiments, but have tried to present as many as reasonable, with no judgement about the quality of the data or samples, which might have improved over time. In addition, for the quantities related to slopes, i.e., g, h c ͑0͒, and y, we have tried to estimate these ourselves from the graphs in papers and so this should be viewed as rough estimates as the values might change with a more rigorous analysis of the original data. Also shown are the results when our renormalized BCS formulas of the preceding section are implemented using MgB 2 parameters, 52 which allows us to define a measure of strong coupling corrections, entered in column 6 as percentages. It is seen that MgB 2 is an intermediate coupling case. The next column shows the results when the analytical expressions for strong coupling corrections to renormalized BCS, given in the text, are applied. This improves the agreement with the full Eliashberg results as compared to RBCS. Some discrepancies remain due in part to additional modifications introduced by the coupling of a strong coupling band with a weak coupling one through the off-diagonal ij 's. The next four columns were obtained for our Lorentzian spectral density model ͑Lor.͒ with 11 = 1.3, 22 = 0.5, 12 = 21 = 0.2, and ij * = 0. This was devised to have a strong coupling index T c / ln ϳ 0.15, which is slightly larger than Pb and well within the range of realistic values for electron-phonon superconductors. It is clear that strong coupling corrections are now even more significant and cannot be ignored in a complete theory.
More information on strong coupling effects as well as on two-band anisotropy is given in Fig. 8 , where we show the same BCS ratios as considered in Table I . In all eight frames, we have used our model Lorentzian ␣ ij 2 F͑͒ spectra. The solid curves are results of full Eliashberg calculations as a function of 12 = 21 , with 11 fixed at 1.3 and 22 at 0.5. The dashed curves are for comparison and are based on our formulas, i.e., give renormalized BCS results without use of the strong coupling correction formulas. They, of course, can differ very significantly from one-band universal BCS values because of the two-band anisotropy. We see that these effects can be large and that on comparison between the solid and dashed curves, the strong coupling effects can also be significant. As 12 = 21 is increased from zero, with 11 2 F ij ͑͒ spectra and the short-dashed curves are for the renormalized BCS formulas developed from the model and given in the text. For the frame with the gap ratios, the upper gap is given by the solid curve and the lower gap is given by the long-dashed curve, the upper and lower short-dashed curves are for the upper and lower gaps, respectively, in RBCS. The first frame gives the effective T c / ln for the Eliashberg spectrum based on the definition given in the text. 12 = 21 = 1. For all the indices considered here, we note that their values at T c / ln = 0.2 are close to the values that they would have in a one-band case, 1 and the remaining anisotropy in the ij 's play only a minor role. ͑Of course, this is a qualitative statement since it is well known that the shape of ␣ 2 F͑͒ for fixed T c / ln can also affect somewhat the value of BCS ratios. 1 ͒ This is expected since in this case the fluctuation off the average of any ij is becoming smaller. For RBCS, all ratios have returned to the one-band case at 12 = 21 = 1 except for y which remains 6% larger. We now comment on select indices separately. The normalized specific heat jump at T c in the model is given by formula ͑32͒ By contrast, the solid curve includes, in addition, strong coupling effects that increase the value of the jump ratio rather rapidly. For 2⌬ 1,2 / k B T c , the lower gaps have the same value for 12 = 21 = 0 as it is determined only by 22 . This is not so for the upper gaps. The dashed curve takes on its BCS value of 3.53, but the solid curve ͑an Eliashberg calculation͒ has strong coupling effects as described in Fig. 4 . ͑This means that ⌬ 2 / ⌬ 1 is smaller for the solid curve as compared to the dashed one in the lower left-hand frame.͒ As 12 = 21 increases, the long-dashed and lower short-dashed curves begin to deviate because the former starts to acquire strong coupling corrections of its own through the off-diagonal 's. While the solid curve also increases, the anisotropy between 1 and 2 decreases. The short-dashed curves show different behavior. The ratio 2⌬ 1 / k B T c starts at 3.53, rises slightly towards 4, before tending towards 3.53 again. Now, the anisotropy between ⌬ 2 and ⌬ 1 decreases mainly because ⌬ 2 itself rises towards 3.53. The behavior of ␥T c 2 / H c 2 ͑0͒ ͑dashed curve͒ can be understood from Eq. ͑38͒ . While ⌬ 1 / T c , as we have seen, does change somewhat with 12 = 21 , a more important change is the u 2 factor in the denominator of Eq. ͑38͒, which rapidly decreases this ratio towards its BCS value of 0.168 as u increases towards 1. The behavior of h c ͑0͒ given by Eq. ͑41͒ is more complex. The numerator in the square root goes towards 1 + ␣ * , as u 2 → 1, more rapidly than the denominator, which involves the 's. Here, the numerator and denominator compete and consequently h c ͑0͒ first increases before showing a slow decrease to its BCS value. Finally, y in formula ͑49͒ decreases with increasing off-diagonal because of the square bracket in the denominator. It is clear from these comparisons between Eliashberg and RBCS calculations that, in general, both strong coupling and anisotropy effects play a significant role in the dimensionless ratios, and both need to be accounted for.
V. THE LIMIT OF NEARLY SEPARATE BANDS
When 12 = 21 = 0, there exist two transition temperatures T c1 and T c2 associated with 11 and 22 , separately, and for several properties, but not all, the superconducting state is the straight sum of the two bands as they would be in isolation. Here, we wish to study how the integration of the two bands proceeds as 12 and/or 21 is switched on. Our first results related to this issue are shown in Fig. 9 , which has three frames. The top frame deals with the normalized specific heat C S ͑T͒ / ␥T as a function of temperature; the middle, the normalized inverse square of the penetration depth ͓ L ͑0͒ / L ͑T͔͒ 2 ; and the bottom gives the critical field deviation function D͑t͒ of Eq. ͑35͒ . In all cases, we have used our Lorentzian model for the spectral densities ␣ ij 2 F͑͒ with 11 = 1 and 22 = 0.5 fixed for all curves. The solid curves are for 12 = 21 = 0.0001, short-dashed for 0.01, and long-dashed for 0.1. In the top two frames, the two separate transitions are easily identified in the curves with solid line type. Because of the very small value of 12 = 21 , the composite curve is obviously the summation of two subsystems, which are almost completely decoupled. However, already for 12 = 21 = 0.01, which remains very small as compared with the value of 11 and even 22 , the second transition ͑short-dashed curve͒ becomes significantly smeared. The two subsystems have undergone considerable integration. In particular, the second specific heat jump is rounded, becoming more kneelike. Also, the sharp edge or kink in the solid curve for the superfluid density is gone in the short-dashed curve. Thus, to observe clearly two distinct systems, the off-diagonal 's need to be very small. Once 12 = 21 = 0.1 ͑long-dashed curve͒, the integration of the two subsystems is very considerable if not complete. This does not mean, however, that superconducting properties become identical to those for an equivalent one-band system. As long as the ␣ ij 2 F͑͒ are not all the same, there will be anisotropy and this will change properties as compared with isotropic Eliashberg one-band results. Note that in the solid Eliashberg curve of Fig. 6 , a point of inflection remains, as commented on by Golubov et al. 17 In the case of the deviation function ͑lower frame͒, the solid curve shows a sharp cusp that is related to the lower transition temperature of the decoupled bands but not quite at that value as this function is composed from subtracting 1 − ͑T / T c ͒ 2 from H c ͑T͒ / H c ͑0͒. However, two distinct pieces of the curve exist and notably near T c the curve has a very different curvature from what is normally encountered. In particular, the temperature dependence of the solid curve is concave down at high temperature in contrast to the usual case of concave up. As the bands are coupled through larger and larger interband 's, the curve moves to a shape more consistent with one-band behavior. However, the curve remains negative due to the anisotropy, while usually strong coupling would drive the curve positive with an overall concave-down curvature, 1 which is illustrated by the dotted curve for which the first band dominates, as we describe below.
The other curves in these figures, dot-dashed and dotted, are for ␣ = 10 with 12 = 0.1 and 21 = 0.01, and ␣ = 0.1 with 12 = 0.01 and 21 = 0.1, respectively. For ␣ = 10, the second band with the smaller of the two diagonal values of has 10 times the density of states as compared to band 1 with the larger value. This large disparity in density of states can have drastic effects on superconducting properties, and further modify both the observed temperature dependence and the value of the BCS ratios. The second specific heat jump in the dash-dotted curve, although smeared, is quite large as compared with that in the solid or even the dashed curve. Also, it is to be noted that beyond the temperature of the lower maximum in C S ͑T͒ / ␥T, the curve shows only a very modest increase, reflecting the low value of the electronic density of states in band 1, and the ratio of the jump at T c to the normal state is now quite reduced. The low density of states in band 1 is also reflected in the low value of the penetration depth curve ͑middle frame, dash-dotted curve͒ in the temperature region above T c2 . Finally, we note that while we have chosen a large value of ␣ for illustration here, MgB 2 has ␣ = 1.37 which, by the above arguments, would tend to accentuate the features due to the second band.
A very different behavior is obtained when ␣ = 0.1, for which case the electronic density of states in the second band is reduced by a factor of 10 as compared to the first band. In this case, the dotted curve applies and looks much more like a standard one-band case with very significant strong coupling effects ⌬C͑T c ͒ / ␥T c Ӎ 2.4. The influence of band 2 has been greatly reduced. Finally, we note that the introduction of the off-diagonal elements can change T c . In particular, the dot-dashed curve ends at a considerably reduced value of critical temperature as compared with the other curves. This is consistent with Fig. 1 , where we saw that increasing 12 for small values of 21 decreases T c . On the other hand, for the dotted curve for which values of 12 and 21 are interchanged as compared to the dash-dotted curve, T c is hardly affected because 12 is small and it is this parameter that affects T c more. The two parameters 12 and 21 do not play the same role in T c or for that matter in the integration process of the two bands. This is made clear in Fig. 10 , which deals only with the penetration depth. What is shown are the separate contributions to the superfluid density coming from the two bands. In all cases, 11 = 1 and 22 = 0.5. In the top frame, 12 = 0.0001 and 21 is varied. It is clear that as 21 is increased, the superfluid density associated with the second band remains significant even above the second transition temperature T c2 , which is well defined in the solid curve. This is the opposite behavior of what is seen in the lower frame where 21 remains at 0.0001 and 12 is increased. In this case, T c changes significantly but the superfluid density associated with the second band remains negligible above T c2 . Note finally that the relative size of the superfluid density in each band will vary with ␣ and v Fi , neither of which have been properly accounted for in this figure, as we wished to illustrate solely the effect of 12 2 as a function of T / T c0 , where T c0 is the T c for the 11 channel alone, with all others zero. Shown are curves for various off-diagonal 21 with 11 =1, 22 = 0.5, and 12 = 0.0001. The three pairs of curves are for 21 = 0.0001 ͑solid͒, 0.01 ͑short-dashed͒, and 0.1 ͑long-dashed͒. The curves, which go to zero at a lower temperature, correspond to ͓͑0͒ / 2 ͑T͔͒ 2 , while those that go to zero close to 1 are for ͓͑0͒ / 1 ͑T͔͒ 2 . Lower frame: Now the 21 is held fixed at 0.0001 and the 12 is varied. The three pairs of curves are for 12 = 0.0001 ͑solid͒, 0.1 ͑short-dashed͒, and 0.2 ͑long-dashed͒. Here, the ratio of the density of states ␣ has been taken to be 1 for convenience of illustrating the curves on the same scale.
are closely correlated with those just described for the superfluid density. This is documented in Fig. 11 , which has two frames. In all cases 11 = 1 and 22 = 0.5. In the top frame, 12 = 21 equal to 0.0001 ͑solid͒, 0.01 ͑short-dashed͒, and 0.1 ͑long-dashed͒. The various pairs of curves apply to the upper and lower gap ratios. Note the long tails in the short-dashed curve ͑lower gap͒, still small but extending to T = T c . For the long-dashed curve, the lower and upper gaps now have very similar temperature dependences, but these are not yet identical to BCS. We have already seen in Fig. 7 , for the specific case of MgB 2 , that the lower gap falls below BCS at temperatures above T / T c Ӎ 0.7, which is expected when it is viewed as an evolution out of two separate gaps, with two T c values, due to increasing the off-diagonal coupling. In the lower frame, we show results for ␣ =10 ͑dot-dashed͒ and ␣ = 0.1 ͑dotted͒. Again, as expected, the two dash-dotted curves show distinct temperature dependences, while for the dotted curves they are very similar.
A very similar story emerges when interband impurity scattering is considered. Results are given in Figs. 12 and 13. Figure 12 has three frames. Here, 11 =1, 22 = 0.5, and 12 = 21 = 0.0001, with our Lorentzian electron-phonon spectral functions ␣ ij 2 F͑͒ described previously. The top frame deals with the temperature dependence of the normalized superconducting state electronic specific heat C S ͑T͒ / ␥T. The middle frame gives the gap ratios of ⌬ 1 and ⌬ 2 and thus the curves come in pairs, with ⌬ 1 Ͼ⌬ 2 . The bottom frame shows the deviation function D͑t͒ for the thermodynamic critical magnetic field. What is varied in the various curves is the interband impurity scattering rate t 12 + = t 21 + ͑taken to be equal in value, i.e., ␣ =1͒. The solid curve, which clearly shows two transitions, is for t 12 + = 0. It is to be noted first, that in all cases, off-diagonal impurity scattering changes the value of the critical temperature, reducing it to less than 0.8 of its pure value in the case of the dot-dashed curve. This decrease in T c does not translate, however, into a steady decrease in the specific heat jump at T c . We see that while the jump initially decreases with increasing t 12 + = t 21 + ; eventually it increases and is largest for the dot-dashed curve. Both Watanabe and Kita 30 and Mishonov et al., 31 using only an unrenormalized BCS model, find an increase with impurity scattering and no initial decrease as is found in the full Eliashberg calculation. This is a clear illustration that, at minimum, a renormalized BCS formula needs to be used to capture the qualitative trend, and full Eliashberg theory is required if one wishes to be quantitative. It is also clear that as interband impurity scattering increases, the jump in the specific heat at the second transition, seen in the solid curve, is rapidly washed out and little remains of this anomaly in the dot-dashed curve. Even the long-dashed curve shows little structure in this region, in analogy to what we found to hold for the case of increasing the off-diagonal electronphonon elements. Note, however, there remains a point of inflection that has moved to higher temperature. Such a shift of the inflection point can also be brought about by increasing the off-diagonal 's as seen in Fig. 9 .
The temperature dependence of the gap ratios ͑middle frame of Fig. 12͒ also mirror what we found in Fig. 11 . The dashed curves exhibit quite distinct temperature dependences between ⌬ 1 and ⌬ 2 , while this is no longer the case for the pair of long-dashed curves. Note that, as compared to the solid curve, the anisotropy in the gaps for the long-dashed curve has been reduced considerably. The upper gap has decreased and the lower increased even more. The washing out of the gap anisotropy by off-diagonal impurity scattering is expected and has been studied theoretically 33, 53 and experimentally. 54 For carbon doping, the gaps are seen to merge at about 13% for which T c has been reduced to about 20 K with the large gap reducing to its BCS value and the smaller gap moving upwards only very little in contrast to our model calculations for which the lower gap changes relatively more and isotropy is reached at about a 30% reduction in T c . Of course, as one dopes, the electronic density of states and the electron-phonon parameters also change, 55 and one needs to include these in addition to any interband scattering.
Finally, the effect of interband ordinary impurity scattering on the deviation function, shows a behavior similar to that found for paramagnetic impurities in one-band superconductors. 35 Initially, as in the other properties, the impurities smear the structure related to the second transition temperature ͑in this case the cusp feature in the solid curve͒, and once the two bands are fairly well integrated, then like paramagnetic impurities, the effect here is to keep the minimum at the same temperature but change its value. A key difference though is that, in the case of paramagnetic impurities in one-band superconductors, the extremum in the curve moves from positive ͑and strong coupling͒ to negative ͑and weak coupling͒ because the gap is being reduced towards zero. Here, with the two bands, the impurities do not reduce T c , and hence the gap, to zero, but rather to a finite value related to the washing out of the anisotropy between the two bands, and hence the extremum in this case will move from negative ͑where it is positioned due to large anisotropy͒ to smaller values, reflecting this.
Next we turn to the results given in Fig. 13 , which shows the temperature dependence of the superfluid density for various values of impurity parameters. Again, 11 =1, 22 = 0.5, and 12 = 21 = 0.0001 with the Lorentzian spectra. What is illustrated in these four frames is how very different the effect of t 11 + , t 22 + , t 12 + , and t 21 + are. The solid curve is for reference and is the pure case. Once again, for the case of varying t 12 + and t 21 + , we have violated the constraint that their ratio must be fixed by the ratio of the density of states. This we can do theoretically to decouple and, therefore, illustrate the effects of these different scattering channels, but in real systems, they would be constrained and the net result would be a combination of the effects from both channels. The top left frame shows the effect on the superfluid density of increasing the impurity scattering in the first band ͑intraband scattering͒. Such impurities reduce the superfluid density in band 1 while leaving band 2 unaltered. In the lower righthand frame it is the superfluid density in the second band that is reduced, leaving the first unchanged. T c is unaffected by intraband impurity scattering in isotropic s-wave superconductors due to Anderson's theorem. The top right-hand frame shows that increasing t 12 + reduces the critical temperature as well as reduces the superfluid density in band one without, however, having much effect on the second band. The kink associated with the rise of the second band is hardly changed as t 12 + is not the integrating variable, rather it is t 21 + which integrates the bands rapidly as seen in the lower left-hand frame. However, in this case, the critical temperature is hardly changed and there is little change to the curve above T / T c0 Ӎ 0.7.
VI. THE LIMIT OF PURE OFF-DIAGONAL COUPLING
While the two-band nature in MgB 2 , driven by the electron-phonon interaction, is well established, there have been many reports of possible two-band superconductivity in other systems, including the conventional A15 compound Nb 3 Sn. 56 With T c = 18 K and a main gap 2⌬ M ϳ 4.9T c , there is specific heat evidence for a second gap at 0.8T c . Other systems are NbSe 2 , 57 Y 2 C 3 and La 2 C 3 , 58 and possibly a second nonsuperconducting band in CeCoIn 5 . 59 In the triplet spin state superconductor Sr 2 RuO 4 , 60 a small gap is induced in the second band. As two-band superconductivity is likely to be a widespread phenomenon, not confined to electronphonon systems, it seems appropriate to investigate further an extended range of parameter space for the ij 's and in particular the possibility that the off-diagonal elements are the dominant mechanism for superconductivity.
In the limit of pure off-diagonal coupling, where 11 = 22 = 0, Eq. ͑12͒ for the coupling A, which determines T c from Eq. ͑11͒ , simplifies to A = 1 ͱ 12 21 , ͑51͒
and the ratio of the gap to T c given in Eq. ͑21͒ becomes
The ratio 12 / 21 = ␣ * can be taken ജ1 and Eq. ͑20͒ for the gap anisotropy u = ⌬ 2 / ⌬ 1 written as
This equation gives u in terms of ␣ * and A. Since by its definition 0 Ͻ u ഛ 1, u ln u is negative so a condition on obtaining a solution of Eq. ͑53͒ is that
For a trial solution of u = 0.1, this would give 1 Ͻ ␣ * Ͻ 100. For ␣ * = 60, as an example, A = 4.46 and 2⌬ 1 / k B T c Ӎ 9.7, which is very large. This occurs for T c / ln ϳ 10 −2 , using ln͑1.13 ln / T c ͒ = A, which is in the weak coupling regime. However, to achieve an upper gap ratio value greater than 11 or so, will correspond an unrealistically small value of T c / ln ͑of order 10 −10 , for example͒. In Fig. 14, we show results in the upper frame for 2⌬ 1,2 / k B T c versus 12 for various 21 values. In the lower frame, we show u versus 12 . The difference between Fig. 14 and Fig. 3 shows that large values of 2⌬ 1 / k B T c are more naturally obtained in the pure offdiagonal regime and are associated as well with small values of u and the weak coupling regime. This latter feature implies that there will be no further strong coupling corrections to an already large gap ratio. We have also calculated the thermodynamics and superfluid density in this regime, for a range of parameters, but have found these properties to show quite ordinary behavior and have discovered no new physics. For the sake of brevity, we present none of these results but instead note that in this limit the 's are 
VII. CONCLUSIONS
We have calculated the thermodynamics, gap anisotropy and penetration depth for a two-band Eliashberg superconductor. For the parameters appropriate to MgB 2 , which are obtained from first-principle band structure calculations of the electron-phonon spectral functions, we find good agreement with the existing experimental data. We reduce the Eliashberg equations to a renormalized BCS form by application of the two-square-well approximation. Comparison of these results with those from the full Eliashberg equations allows us to determine strong coupling corrections, which we find to be significant in MgB 2 . When the parameters for the electron-phonon interaction are moved away from those specific to MgB 2 , the strong coupling corrections can become much larger, and superconducting properties reflect this fact, as well as the change in anisotropy between the bands. Within the approximation, we derive simple analytic expressions for the various dimensionless BCS ratios that would be universal in the one-band case, but are not in the two-band one. They depend on the anisotropy and particularly on the ratio of the electronic density of states in the two bands. The anisotropy in the ratio of the two gaps at zero temperature is investigated and is found to increase as 22 is reduced and made repulsive, in which case the existence of superconductivity in the first band, and the off-diagonal coupling to it, induces a gap in a band, which would, on its own, not be superconducting.
We have paid particular attention to the limit of nearly decoupled bands, i.e., small interband coupling, with the superconductivity originating from 11 and 22 in the first and second band, respectively. When 12 , 21 → 0, there are two transitions at T c1 and T c2 and two specific heat jumps. As the interband coupling is turned on, the two bands become integrated and the second transition smears. We have found that the two parameters, 12 and 21 , have very different effects on the smearing of the second transition and on T c . 12 largely modifies T c , reducing it, whereas 21 alters the lowertemperature region around the second transition. Only very small values of 21 , as compared with 11 and 22 , are needed to cause large changes in the region around T c2 . It was found that a small amount of interband impurity scattering can also significantly smear the second transition, and so reduce the distinction between the two bands. However, even when the two bands are well integrated and a sharp second transition is no longer easily discernible, this does not imply that the superconducting properties become those of a oneband superconductor. Anisotropy remains and this affects properties.
In view of the possible widespread occurrence of twoband superconductivity, even for systems with exotic mechanisms not necessarily due to the electron-phonon interaction, we deemed it of interest to consider the case of zero intraband coupling, 11 = 22 = 0, with superconductivity due only to the interband 12 and 21 , which need not have the same value. When these are very different, the resulting gaps are quite different from each other and the ratio of ⌬ 1 to T c can become large particularly in the weak coupling limit. This is a distinguishing feature of pure off-diagonal coupling. Another distinguishing feature is the possibility of a rapid reduction of T c towards zero by interband impurity scattering, as compared with the case for which the diagonal elements play the leading role. ACKNOWLEDGMENTS E.J.N. acknowledges funding from NSERC, the Government of Ontario, and the University of Guelph. J.P.C. acknowledges support from NSERC and the CIAR. In addition, we thank E. Schachinger and J. Wei for helpful discussions.
